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Abstract: We study the configuration of efficient nonlinear Cherenkov radiation generated at
the inner surface of a one-dimensional nonlinear photonic crystal, which utilizes the combi-
nation of both quasi-phase matching and total internal reflection by the crystal surface. Mul-
tidirectional nonlinear Cherenkov radiation assisted by different orders of reciprocal vectors
is demonstrated experimentally. At specific angles, by associating with quasi-phase matching,
the incident fundamental wave and total internal reflection wave format completely the phase-
matching scheme, leading to great enhancement of harmonic wave intensity.
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1. Introduction

When the phase velocity of nonlinear polarization wave (νp) exceeds that of its harmonic wave
(ν′) in a nonlinear medium, coherent harmonic wave emits, known as nonlinear Cherenkov ra-
diation (NCR) [1]. The Cherenkov angle is defined as θ = arccos(νp/ν′), which implies the
automatically longitudinal phase-matching condition between the fundamental and the radiated
harmonic wave. In χ(2) photonic crystals [2], waveguides [3, 4] and other micro-structures,
Cherenkov radiation could demonstrate possibilities of a wide variety of phase-matching types
and diverse patterns of spatial distribution, such as, the phase-tuned Cherenkov-type interaction
in two dimensional nonlinear photonic crystals [5], the quasi-phase matching (QPM) associated
NCR generated in waveguides or nonlinear χ(2) crystals [6], domain wall enhanced high-order
NCR [7–9]. Such modulation mechanism has greatly expanded the NCR radiation character-
istics, providing potential applications for short wavelength lasers [10], broadband frequency
doubling [11] and optical imaging [12, 13].

In addition, the efficiency of NCR is dramatically affected by the abrupt change of the second-
order nonlinearity χ(2) , which contains not only the -1 to 1 χ(2) modulation corresponding to
the domain wall but also the 0 to 1 modulation corresponding to the crystal surface [14, 15].
By using sum-frequency polarization wave generated by incident and internal total reflected
waves [16], previous studies have achieved enhanced NCR on the crystal surface [17,18]. Such
NCR can provide good light quality and relatively high efficiency, which allows for further
practical applications, such as nondestructive diagnostics, harmonic conversion and ultrashort
pulse characterization.

In this work, we study the behavior of NCR generated at the crystal surface which can be
modulated by the χ(2) microstructure at the surface. Using the coupled wave equation, we also
demonstrate the effect of reciprocal vectors of photonic crystals to the radiation angles of NCR.
When the internal reflection inside the crystal boundary is utilized, the sum-frequency polar-
ization of the incidences assisted with different orders of reciprocal vectors can emit multiple
NCRs which exhibits χ(2) spatially modulated pattern. Particularly, at specific incident angles,
one can achieve degenerated NCR which leads to remarkable enhancement on the intensity.

2. Phenomenon and analysis

For simplicity, here we choose a one-dimensional (1D) periodically poled LiNbO3 crystal
(PPLN) as the sample. It provides uniform collinear reciprocal vectors along x-axis and the pol-
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ing period is Λ = 6.92 μm. The sample was put on a rotation stage which can be adjusted in the
y-z plane, as shown in Fig. 1(a). According to the calculation of the Sellmeier equation [19], the
refractive index of ordinary-polarized fundamental wave is larger than that of the extraordinary-
polarized second harmonic (SH) wave when the wavelength of pump is longer than 1023 nm.
Consequently, it provides an anomalous-dispersion-like medium by utilizing type I (oo-e) sec-
ond harmonic (SH) phase-matching scheme [20]. The light source in the experiment was an
optical parametric amplifier (TOPAS, Coherent Inc.) producing 80 femtosecond pulses (1000
Hz rep. rate) at the variable wavelengths from 280 nm to 2600 nm. A quarter-wave plate and a
Glan-Taylor prism was used to adjust the polarization. Then the laser beam was loosely focused
to a beam width of 50 μm and was incident into the y-z plane of the sample. A screen was
located 10 cm behind the sample to receive the emitted patterns. The operating temperature was
20◦C.
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Fig. 1. (a) The diagram of experimental setup; (b) Multiple nonlinear Cherenkov diffraction
pattern recorded in the experiment.

When the ordinary-polarized fundamental wave (FW) with a wavelength of 1250 nm was in-
jected into the sample along y-axis, NCR didn’t emerge owing to the phase-matching condition
being not satisfied in such anomalous dispersion. When the sample was pivoted with x-axis,
the fundamental beam would be reflected on the x-y plane while the incident angle exceed
the requirement of total reflection inside the sample. By adjusting the incident angle of FW,
and combining the total reflection wave and reciprocal vectors, the sum-frequency polarization
along the crystal surface would give birth to NCR. The far-filed image of SH wave on the screen
is shown in Fig. 1(b). The straight line in the middle is the nonlinear Raman-Nath diffraction
generated from the sum-frequency of incident FW and total reflection, while the right arc line
belongs to the conical scattering SH wave. The fascinating phenomenon occurred at the left of
the sum-frequency Raman-Nath diffraction, where multiple Cherenkov diffraction patterns with
transverse angular dispersion located on an arc array. Distinguished from the phenomenon in
the bulk material [17, 18], the pattern exhibits periodically spatial distribution, which denotes
the reciprocal-involved NCR by total reflection on the PPLN surface.

To analyze the distribution of SH, the coupled wave equation under paraxial and small-signal
approximation was solved by using the Fourier transform method. The intensity of SH I2 is
expressed as [15, 21]:

I2(kx , kz ) =
[ k2

2n2
2

χ(2)
]2

I2
1 L2sinc2

[(
k2 − 2k1cosα − k2

x + k2
z

2k2

) L
2

]
|F (kx ) |2 |G(kz ) |2 , (1)

where n2 is the refractive index of SH, I1 denotes the complex amplitude of the Gaussian FW
with width a, L is the interaction distance of the nonlinear process, α is the incident angle of
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FW along y axis, k1 and k2 are wave vectors of the FW and SH, respectively. In the expression,
2k1cosα = | �k1 + �k′1 |, where �k′1 is the wave vector of the reflected FW. kx and kz are the

components of k2 in x-axis and z-axis. F (kx ) =
√

π
2 a
∑

n gne−a2 (nG0−kx )2/8 and G(kz ) =√
π
8 ae−a2k2

z /8 + i
√

2
2 aD

(
akz

8

)
are the Fourier transformations of the χ(2) modulated structures,

which are introduced by periodically reversed domains and the crystal boundary, respectively.
Here gn are the Fourier coefficients which can be expressed as:

gn = { 2sin(nπd)/(nπ)n � 0 2d − 1n = 0,

where n are integers. G0 = 2π/Λ denotes the 0-order reciprocal vector of the sample, d is the
duty ratio of domain reversal. D

(
akz

8

)
denotes the Dawson function. The intensity of SH is

positively correlated with the beam width.
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Fig. 2. (a) Simulation result of SH distribution with a FW incident angle of α = 20◦; (b)
Phase-matching geometry.

The simulation result of SH distribution is shown in Fig. 2(a) under the same condition with
the experiment in Fig. 1(b), and the FW incident angle is α = 20◦. Multiple NCRs was distrib-
uted on a circle. The SH pattern has the similar pattern with Fig. 1(b). But the right half was total
reflected in experiment. Actually, the incident angle has an error with that in the experiment. So
the highest order in experiment is 6 and in the simulation result is 5. The 0-order nonlinear
Cherenkov radiation was missing. Because the duty ratio of domain reversal in the simulation
is 1

2 , and the Fourier coefficient of 0-order reciprocal vector g0 = 0. From Eq. (1), we can find
that, when kz = 0, the SH intensity I2 gathers in the direction defined by kx = nG0, which rep-
resents the nonlinear Raman-Nath diffraction. When kz � 0, SH will radiate at angles satisfing

the conditions kx = nG0 and k2 − 2k1cosα − k2
x+k

2
z

2k2
= 0. Under the paraxial approximation,

the solution of the latter is k2
x + k2

z + (2k1cosα)2 = k2
2 , which is exactly the longitudinal phase-

matching condition of NCR. The corresponding phase-matching geometry is shown in Fig. 2(b).
The emission of 0-order NCR in the experimental pattern is in accordance with the situation in
bulk material [17]. For high-order NCR, one should take reciprocal vectors into consideration,
which is associated with Fourier components of the χ(2) modulation in terms of QPM along the
x-axis. The nonlinear sum-frequency polarization wave along the reflection interface (x-y plane)
associating with the reciprocal vectors along the y-axis simulates an effective polarization wave
which could emit high order Cherenkov radiation. The wave vector of nonlinear polarization
wave of n-order NCR has the form: �kn

p = | �k1 + �k′1 + n �G0 |. And the radiation angle of n-order
NCR along x axis is deduced:

ϕn = arctan
nG0

2k1cosα
, (2)
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and along z axis:

θn = arccos
(nG0)2 + (2k1cosα)2

k2
. (3)

3. Experimental results and discussion

To experimentally demonstrate the calculated relationship of n-order NCR angle, we investi-
gated the external angles of different order Cherenkov radiations varying with the incident
wavelength, with fixed the FW external incident angle of i = 30◦. The distance of the FW
and SH on the screen were measured. The radiation angles were calculated, according to the ge-
ometrical relationship. The measurement error of angles was kept within ±0.5◦. And with fixed
wavelength of FW λ = 1250 nm, we measured the relationship between the external emergence
angles and the external incident angles. The experimental results, demonstrate good agreement
with theoretical predications, as shown in Figs. 3(a) and 3(b), respectively. According to the
phase-matching condition and the experimental results, we verify that the polarization wave is
always confined along the crystal surface.
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Fig. 3. The external angles along z-axis of different order NCRs versus the incident wave-
length of FW (a) and external incident angle (b). The relationship of external angles along
x-axis of 1-order NCR varying with the incident wavelength (c) and the poling period of
PPLN (d). Theoretical prediction (solid curves) and experimental results (signs) are in well
agreement with each other.

Furthermore, we investigated the transverse distribution of the nonlinear diffraction along x-
axis. With the external incident angle fixed at 30◦, the external angles of the 1-order Cherenkov
radiation varied with the incident wavelength [Fig. 3(c)]. When the wavelength of FW was fixed
at 1250 nm, we draw the relationship between diffraction angles and the periods by using several
samples, as shown in Fig. 3(d). The angular positions of nonlinear Cherenkov radiation patterns
varied with the variance of the samples, which imply that the periodical structure are modulated
the surface reflecting Cherenkov radiation. The transversely spatial distribution (along x-axis) of
nonlinear Cherenkov patterns coincided with nonlinear Raman-Nath diffraction in 1D nonlinear
crystal.
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Fig. 4. (a) Recorded pattern of enhanced 0-order NCR. (b) The external FW angles of
enhanced 0-order NCR versus the incident wavelength of FW.

In Fig. 3(b), we note that each order of NCR has a cutoff angle. At these incident angles,
the emission angle of corresponding order NCR equals to 0. The phase-matching condition
can be written as �kn

p = | �k1 + �k′1 + n �G0 | = �k2, where the polarization wave is collinear with
the Cherenkov harmonic wave and the phase-mismatch is minimized. Therefore each order of
NCR would be greatly enhanced at these specific angles. In experiment, it is clearly that such
enhancement occurred at the beginning of the NCR emergence.

We recorded the enhanced 0-order NCR with a FW wavelength of 1250 nm, as shown in Fig.
4(a). The multiple dots along x-axis are the nonlinear Raman-Nath diffractions. The intensity
of SH is significantly greater than that in the previous experiment. In Fig. 4(b) we verified the
dependence of the incident angle of the enhanced 0-order NCR as a function of the incident
wavelength. The incident angle increases proportionally with the incident wavelength, which is
consistent with theoretical analysis. So far, we have realized the modulation of both diffraction
pattern and the efficiency of Cherenkov diffraction on the PPLN surface, which provide more
plentiful radiation patterns compared with NCR on bulk crystal surfaces.

4. Conclusion

In summary, we experimentally demonstrated the χ(2) modulated nonlinear Cherenkov diffrac-
tion on the PPLN surface. The sum-frequency polarization wave generated by incident and
reflected waves was confined on the crystal surface and modulated by the periodical χ(2) struc-
ture. The diffraction angle and transverse distribution of the QPM-NCR were investigated ex-
perimentally, which shows a good agreement with the theoretical calculation. In addition, with
proper incident angles, the multiple diffraction would be greatly enhanced, which features the
NCR emergence. It present that more plentiful radiation patterns could be expected in other
χ(2) structures, such as aperiodic, quasi-periodic, random, chirp, two-dimensional and other
desirable patterns. Further, making appropriate artificial structures on the crystal surface would
allow us to control the behavior of harmonic generation more efficiently.
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